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SELF.-DEVELOPED FORMULAS TO YIELD

PRIMITIVE PYTHAGOREAN TRIFLES

lore than 2000 years ago Pythagoras pfoved that the area of the
square of the hypotenuse on a right triangle equals the sum of the
area of the squares of the legs. This relationship is written in this
manner:

a% + 2 = ¢ Equation (1)

where a, b, and ¢ are the three sides vhich form a right triangle.

The purpose of this paper is to show how to develop and prove a
set of formulas giving all sets of integral numbers which: (1) can be
the three sides of a right triangle, and (2) are irreducible (have no
factor in common). These sets of numbers are primitive Pythagorean
triples. A set of rules is also developed which shows whether or not
three given integers are a primitive Pythagorean triple, When a,b, and ¢
are integers they may be called a Pythagorean triple, and if these integers
are irreducible they are called primitive., A PBythagorean triple is 9,12,15,
while a primitive Pythagorean triple is 3, 4, 5.

In order to develop and prove the set of formulas, a study has been
made as follows:

A, Classified Groups of Triples

Use a table of squares and good estimating to find and classify several
triples. The triples fall into either one of two classes where the &ifference
(the x-value) between the hypotenuse integer c, and the generally larger leg a

is either Class A (an odd number squared, i.e. 1, 9, 25, ...) or Class B



(one half an even number squared, i.ce 2, 8, 18, ¢es)
classified in Table 1 according to their x-value.

x-value for both Classes

within a given x~value.
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Now in order for '"b" to be an integer, Hquation 2a shows that x(2c - x)
must be a perfect square, and if x(2¢ - x) is a perfect square it must con-

sist of one or more factors, each squared. For example, if b = 36:
36 = 62 = (2.3)2 = 2%37,

where 2 and 3 are both sguared factors, Other examples can be similiarly

e

proved. Fpom Equation 2 above, x is a factor of bz, but x© must also be a

valid factor. Thus the other part of x2 must be contained within (2¢ -x).

Divide x out and the result is: x2(2¢ -x) = bz, Equation (3)
e .

where x2 and (2¢ - x) are each squared factors of b2¢ But if you solve
X

%2 (2¢ - x) for b, you get: Nﬁ§;2c =% = s Equation (3a)
CEi Vo

The difference x may always be made.unity by division by itself; and this
division also reduces b.. If b is reducible, c and a are also reducible.
An example will show this reduciblity c<clearly: First , let x = 3 and
substitute into Equation 3a : 4"3'%115_'&:;3 = b, Second, find a value fa
c making b an integer: when ¢ =15, b= 9, Thirdfinda : a=c - x
=15 - 3 =12. 15, 12, and 9 may be divided by 3, the x-value, yielding
5y 4y 3. The difference x = c - a = 5 - 4 = unity.

Two groups have x-values for which the difference can never be re-

diced to unity. The first group consists of x_ ==an odd number squared.

[a)
In these cases x, already equals a squared factor of b, and therefore (2c-x)
is also a squared factor. Substitute directly into Equation 2a and the

result iS:;é;:w ”ijﬂi:tr;; = 3 2 Equation (4)
where both, [ gnd\/§EA:4§L are integers. Eguation 4 cannot be reduced

like Equation 3a because di%/xp is never an integer (except unity, which

is an odd-number squared.

The second group consisis of x,, - one half an even number

squared. First, alter Equation 2 by multiplying and dividing by 2;



substitute in x, and the result is: 2x {c - %/2) = b°. This makes
2xg @ squared factor of b, and thus (¢ - xg/2) is also a squared factor.

Solving for b, the result isy/ 2%, ./ ¢ - x./2 = b Equation (5)
’ Y el ) e
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where both=fé§; and fc = Xo/2 are integers. Therefore, Equation 5,
like Equation 4, is not reducible because,{ﬁ%é/;e is never an integer
(except unity).
Use deductive reasoning to prove the hypotenuse of each triple is
and odd integer if the triple is primitive,
1. If x is even, then b is even, - Equation 2,
2. If c is even and x is even, then a is even, (a = ¢ - x),
3. If c is even and x is even then both & and b are also even,
Lo If all the sides are even then they are all reducible by
at least 2, always making the hypotenuse odd.
5. If x is odd, then c must be odd, in order to produce
integral values for b, - Equation 2a,

C. Eelationships Within Triples

Use TABLE I to find definite relationships within the triples,
which may be represented by a formula., These formulas may then be
considered representative of all triples since, by the "x-value" proof,
TABIE I contains the beginning of all types of triples. Use experimentation
and arithmetic progression to develop the relationship formulas, and prove
them by mathematical induction. Nj and N, are any two positive integers.

These relationships are contained in TAEBIE IT,
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D. Final Formula Develcopment

Combine certain relationship formulas for each side of the triangle

to obtain a set of formulas for both €Class A and Class B which contain
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Compare the two sets of final formulas X and Y, by substituting Np for Nl

and Hl for N2 into formulas X. The results are equal to formulas Y, This

can be done because both Ny and N2, by definition, can be any natural number, and
their only purose was to help organize the way in which triples were to be

written, DBoth sets of formulas yield the same solutions, and one of the sets

may be disregarded--disregard group X. This equality of groups may also be noted
in Table 1 by comparing one row of group X with its corresponding column of group Y.

-

By using algebra it is possible to expand and simplify each formula of

group Y.
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E. Table of Triples
Use the developed formulas %mx above to make a table which contaifs all
primitive triples with a hypotenuse integer of less than 1000, Table III con-
tains these triples, and it may be noted that the even-numbered b is always

divisible by 4 and that the hypotenuse c¢ minus one is also divisible by 4.
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F. ERules For Triples
The Pythagorean Theorem can be used to ddtermine if any three given
integers are a triple, For example 543, 458 and 311 is a triple if 5432 =
4582 + 311%. This method is laborious and several simple rules can instead
be used to tell if the three numbers are a triple.
THE THREE NUMBERS ARE NOT 4 TRIPLE IF:
Bule 1, By observation, the numbers will obviously not satisfy the
equation, l
EXAMPLE: 1889, 54, and 36
Bule 2, Only one number is odd or all three numbers are odd.

EXAMPLE: 84, 64, 55 or 85, 63, 55

PROCF: 0dd? = even® & even® 08d® £ odd® + odd?
0ad 2 even + even (and) odd 4 odd + odd
0dd # even odd # even
Rule 3, The largest number is even and both of the smaeller numbers are odd.

EXAMPIE: 96, 71, 37
PROOF: see page 4 at the end of Section B.
Fule 4. When three even numbers are reduced b y multiples of two down to
one or more odd numbers, either Rule 2 or Rule 3 is true.
EXAMPLE: 154, 118, 98 reduces to 77, 59, 49; this violttes Fule 2.
Fule 5, The last digit of the sum of the sguares of the last digit of
each of the two smallest numbers does not equal the last digit of the

square-of the last digit of the largest number.

HE]

EXAMPIE: 58976, 45328, 31149; 8% 4 o L 6? 64 + 81 36;
t+1i6, 546

PROOF: TIf the last digit of each of the smaller numbers squared

does not equal the last digit of the largest number squared, then .

there is no valid sclution, no matter what the other digits are.

Rule 6, When reducdd to two odds an d an even, the difference between the
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largest number and the even number is not a perfect square,.
EXAMPLE: 631, 4F4, 397; 631 - 484 = 147 # perfect square
PROCF: Section B, page 3

Rule 7, When reduced to two odds and an even, one half the difference
between the two odd numbkrs is not am perfect square,
EXAMPLE: 631, 484, 395; 631 - 395 = 118 # perfect square
PROOF: Section B, pages 3 and24

Rule 8, When the fliifference between the two odd numbers and the even
number ;;ereduced to lowest possible terms, the square of the reduced
difference plus the square of the reduced even number does not equal
the largest number. NOTE: Make use of Rule 5 whenever helpful.
EXAMPIE: 631, 484, 395; 631 = 395 =236 =59, 59°+121° < 631,

5 484 A/ o]
but by Rule 5, 59 + 121% # 631

PRCOF: Using the final formulas and letting v= 2n, +m -1 and

== (V2 st wz) - (v2 -w2) = 2w2 = Wy vz -+ w2 =c
b 2V 2wV v

W=, o, the result is ¢

G, Conclusion

Several triples were found by trial and error. This involved testing
groupe of three integers in the formulag, ® =2+ b2 until a sufficient humber
of triples was found.

The tripies were proved to be restricted to two classes, where the difference
between the two largest integers is (4) an odd square or (B) one half an even
square.

Common relationships between consecutive triples were found and served
as a guide for predicting other triples.

These various relationships were combined and this gave a complete formula
for each side of the triangle.

These formulas were simplified by algebra and are in terms of two unknown

positive integers. A set of rules was then added to determine if three given

numbers are a triple or not,






